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Abstract

Numerical modeling of transient solidification under convective boundary conditions presents a significant challenge because accurately
tracking the solid-liquid interface is essential for obtaining a stable solution. Although analytical solutions are generally straightforward to
apply, the growing demand for energy storage driven by mismatches between supply and demand in renewa-ble-energy systems requires
reliable predictive tools for latent-heat thermal energy storage (LHTES) applications. In this work we compare a classical analytical
solution for the transient so-lidification of pure and eutectic phase-change materials with a recently derived formulation that provides a
complete treatment of the Biot number. The comparison is performed in the context of sizing LHTES reservoirs and selecting appropriate
phase-change materials. The results demonstrate that the new formulation accurately predicts the velocity of the solid—liquid interface,
the thermal gradient, and the cooling rate, offering improved reliability over the classical approach.

Keywords: Closed-form analytical solution; convective boundary condition; solidification kinetics; latent-heat thermal energy storage

(LHTES); numerical modeling; experimental validation

1. Introduction

Solid-liquid phase transformations are fundamental to a wide
range of scientific and technological fields. In geophysics they
control weather patterns, the water cycle, igneous rock formation,
glacier dynamics, and ice sheet evolution; in materials science
and engineering they underpin metal casting, semiconductor
fabrication, and cement production; and in chemistry and
pharmaceuticals they are central to crystallisation processes used
for purification. On a macroscopic scale these transformations are
manifested as a moving interface that separates the solid and liquid
phases. During melting the liquid—solid interface advances into
the material until the solid is com-pletely consumed [1,2]. The
motion of this interface is governed by a heat balance con-dition:
the latent heat released (or absorbed) per unit volume must be
supplied (or re-moved) by the heat fluxes on the solid and liquid
sides of the interface. Problems of this type constitute the classical
Stefan problem, named after the Slovenian physicist Jozef Stefan,
who first formulated this class of moving boundary problems [3].

Classi-cal analytical solutions for the one dimensional Stefan
problem can be found in the lit-erature [4].

In many practical solidification and melting processes the
temperature at the exposed surface (usually taken as x=0) is
governed by a convective (Robin) boundary condition rather than
by a prescribed temperature. Analytical solutions that incorporate
such a convective condition for pure metals and eutectic alloys
are comparatively scarce [5-23]. Clyne and Garcia presented
an exact solution for a generalized solidification problem under
the assumption of a constant interfacial heat transfer coefficient,
using the Virtual Adjunct Method, which treats the interfacial
resistance as a set of virtual solid or mould layers [24]. Building
on this idea, Garcia and co workers derived analytical solutions for
binary alloys [25-28]. Davay obtained a solution for directional
solidification that includes the motion of the casting at the interface
by simultaneously solving the transient heat equations for the
mould, the gas gap, the solid, the liquid, and any contaminating
layers [29].
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The accelerating threat of global warming, driven by
anthropogenic greenhouse gas emissions [30], underscores the
need for efficient renewable energy technologies. Latent heat
thermal energy storage (LHTES) has emerged as a key enabling
technology because phase change materials (PCMs) can store and
release large amounts of energy during solid—liquid transitions.
Compared with sensible heat storage (SHTES), LHTES can store
5—14 times more heat per unit volume [31-35]. The authors applied
lumped capacitance (or “lumped”) solution, which assumes that
the solidified material (or PCM) behaves as a spatially uniform
body so that internal temperature gradients can be neglected, an
assumption that is valid when the Biot number Bi = hL/k is much
smaller than 1. Under this hypothesis the energy balance reduces
to an ordinary differential equation, pVc, ‘Z—: = hA (T, — T), whose
solution is the classic exponential decay 7(¢) = T,, + (Ty - T.,)
exp [- hd / (pVe,) t]. For transient solidification the latent heat
is incorporated by augmenting the effective heat capacity with
the term <5 (where o is the solid fraction), giving a piecewise
solution: (i) sensible heat phases before and after melting,
described by the exponential law above, and (ii) an isothermal
phase change interval at the melting temperature 7,, in which the
interface position evolves according to pL ‘Z—f = hA (T, — Tp). The
resulting closed form expressions provide quick estimates of
the solid liquid in-terface position, interface velocity, thermal
gradient, and cooling rate, but they are ac-curate only for objects
with low Bi and negligible internal conduction resistance. Ac-
curate knowledge of PCM solidification and melting kinetics is
therefore essential for sizing thermal reservoirs and for predicting
system performance [36].

Mendes Junior has recently proposed a novel analytical
framework for transient solidification, yielding four closed
form solutions for pure and eutectic materials in one and three
dimensional semi infinite geometries. The approach explicitly
incorpo-rates convective surface conditions and melt superheat,
and introduces a first order correction term that bridges the
gap between second order and first order similarity solutions.
This yields accurate predictions of thermal gradients, interface
velocities, and cooling rates [37]; a detailed derivation is given in
[38]. Nevertheless, the original formulation does not reproduce
measured interface velocities satisfactorily nor does it provide
a means to evaluate the mean heat transfer coefficient. More
recently, Trojan derived an exact solution for non reactive unsteady
heat conduction in a semi infinite slab subject to a convective
boundary condition, thereby extending the analytical toolbox for
such problems [39].

Mendes Junior has recently proposed a novel analytical
framework for transient solidification, yielding four closed
form solutions for pure and eutectic materials in one and three
dimensional semi infinite geometries. The approach explicitly
incorpo-rates convective surface conditions and melt superheat,
and introduces a first order correction term that bridges the
gap between second order and first order similarity solutions.
This yields accurate predictions of thermal gradients, interface
velocities, and cooling rates [37]; a detailed derivation is given in
[38]. Nevertheless, the original formulation does not reproduce
measured interface velocities satisfactorily nor does it provide
a means to evaluate the mean heat transfer coefficient. More
recently, Trojan derived an exact solution for non reactive unsteady

heat conduction in a semi infinite slab subject to a convective
boundary condition, thereby extending the analytical toolbox for
such problems [39].

In the present work we evaluate the thermal gradient, solid—
liquid interface ve-locity, and cooling rate for a selection of
metals and for water using (i) a classical ana-lytical solution
for solidification [26] and (ii) the recently introduced solution
that fully resolves the Biot number [37]. The predictions are
benchmarked against experimental measurements [40,41] and
against numerical simulations reported in the literature [42,43].
This comparative study highlights the strengths and limitations
of each ana-lytical approach and provides guidance for their use
in the design of LHTES systems and in the modelling of natural
solidification phenomena.

2. Mathematical Formulation and Numerical Method

The numerical model used in this work to simulate the solidification
of pure met-als and eutectic alloys is the one originally proposed by
Swaminathan et al. [42] and subsequently modified for problems
of inverse macrosegregation in multicomponent systems [43].

The model incorporates the following features:

1. Coupled thermo chemical fields — it can handle the interaction
between temper-ature and composition fields together
with multiple reactions that occur during solidification of
multicomponent alloys (e.g., primary phase transformation,
phase precipitation, eutectic and peritectic reactions).

2. Shrinkage induced flow — it accounts for the density difference
between the liquid and the primary and secondary solid
phases, which gives rise to flow caused by so-lidification
induced shrinkage.

3. Temperature rescaling — a temperature rescaling technique
is employed to treat the solidification of pure and eutectic
materials.

2.1 Model Assumptions

The numerical model for the unsteady solidification of pure
met-als/compounds and multicomponent alloys is based on the
following assump-tions [42,43]:

Domain

The computational domain is finite and extends along the Z axis,
ie.0 < Z < Z, (see Fig. 1).

— At Z =0 a third kind (Robin) boundary condition is prescribed
for heat flux, while a second kind (Dirichlet) condition is applied

for mass.

— At the opposite boundary, Z = Z,,, both heat and mass fluxes are
zero (insulated/no mass transfer).

Material

The phase change material to be solidified is assumed to be either
a pure metal (or pure compound) or a multicomponent alloy.
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Solid phase

The solid phase is stationary; once formed it has zero velocity.

Thermally
insulated wall
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= 900Gz,
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= ThY%x, 1
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Figure 1. Schematic representation of transient upward solidifi-cation cooled
from the bottom.

2.2. Governing Equations

0°Ts _ 107 1
3 = madr 0<x<s(t) M
22T, _ 19T

o = mat s(t) <x < 4o 2
t=0, 0<x <400, T=T, 3)
t>0 x=0 k% =hr-T.)

, X =1, Ix =0 - co (4)
t>0, x=5(), T=Tg 5)
t>0, x>+, T=Tp (6)

ds oT aT
psL ar ks ox x=s~ - Plox x=st (7

The thermal variables that influence solidification kinetics
and were selected for this comparison are: position versus time
S(1), solid-liquid interface velocity v ===, thermal gradient of
the liquid-phase 6, = —| .- and cooling rate Ty for a given set of
Biot numbers.

(Too_TF)
hs, h%s?
ks’ 492kZ

As =Tp —

{1—erfc((p)+exp< Ptaoks

)e fc( hs )} {erfc((p) —exp (h:

The reference solution for the solid region is the classic one
dimensional solution for a semi infinite slab whose boundary
condition at z = 0 is of the third kind [39] for non reactive
problems. The temperature profile as a function of time and space
can be expressed as

_ x _ hx h ast x hast
T(x,t) — Ty = Ag + Bs {erfc (zJa_st) exp( 2 )erfc (Z\/a_st + P )}

®)

where Ag and Bg are constants determined from the solid interface
at s(f) =0 and s(¢) = s.

Fors=0,1>0

Te(s =0,t) =T, = As + Bs )

This relationship follows from the convective boundary
condition that has already been imposed at x =0 for # > 0 when
deriving the base temperature field 7(x, 7). Consequently, the
condition 7(s = 0, #) cannot be imposed on the solid-temperature
field T (x, £), because no solid exists until a finite time #* > 0
has elapsed. In this context, By must be determined from the
temperature profile at the moving interface x = s. Together with
the relation Top = Ag + B, this formulation permits the constants
Ag and Bg to be varied freely.

Forx =y,

hjast
+ ks )}

(10)

_ _ _ s _ E hzast s
Ts(x =s,t) = Tp = Ag + Bg {erfc (2«/75) exp (ks + 2 )erfc (z o

and

2,/agt

By 1ntroducmg the parabolic similarity variable ——
(s, t) = 2‘/—_, equation (10) becomes

2g

) erte (0 +550))

(11)

Tr = Ag + Bg {erfc((p) — exp (Z—Ss

and,

T = Ag + Bs (12)

Tp = Ag + Bs {erfC(w) — exp (Z—Ss ::zk ) erfc (‘p + e kg)}

(13)
Subtracting Eq. (13) from Eq. (12) leads to
h h2 2
T — Tr = Bg {1 — erfc(p) + exp ( : wzsk ) erfc ((p + 20 ks)}
(14)
which gives Bg as
B = o (15)

hs, h%s? __hs
{1 erfc((p)+exp< 4<p2k§) erfc(w t7o ks)}

Similarly, the constant Ag can be determined as follows:

The temperature profile can now be expressed in terms of constant

h22

4(pZSk§) erfc (tp t o ks)} (16)
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AS and Bs,

Ts(x,t) = Tr
TOO - TF

{erfc( X
_ 2./ ag

hx | hagt x hyast hs  _h*s? hs
t> — exp (k_s + 12 )erfc (2\/ast + T —erfc(p) + exp (k_ <p2k52> erfc ((p + m) (17)

{1 — erfc(p) + exp (% +
s

Aiming to express the temperature profile in a more suitable
form, the following auxiliary functions y(s,p) and {(s,p) can be
defined as

P(s,t) = {1 — erfc(p) + exp ( h;st) erfc ((p +

h2
2k2) erfc(
4¢

MO (18a)

s, = {1 = erfeCp) + exp (L4 20} (1)

and,

{(s,t) = —erfc(p) + exp (hs h;st) erfc ((p + h}(—@) (19a)

h2s2
4(p2k52> erfc ((p +

7))

hs (19a)
{(s,p) = —erfc(p) + exp (k_s

4};22k2) erfc ((P + ZZ jcs)

Substituting Eq. (17) and Eq. (18) into Eq. (16) yields

erfc| —— |- hx hzs erfc d
Ts()-Tp _ wjast) P\t 2 ast

Too—TF P(st)

aSE )+¢(5 o} (20a)

Ts(xs)-Tp _ {erfc((p%)—exp(iz } 4’;225:2) EFfC(*PS t Zgai )+{(s (p)} (20b)

Too—TF P(s,p)

The thermal gradient T (x, £) in the vicinity of boundary x =s~ is
found by deriving the temperature profile with respect to x, which
has the following form:

dTs(s,t) _ (TF—Too) i E h? ast h. ast 29 _
0x lyems= — WGD ks X (ks T2 e erfe (‘p T ) T s exnteoD)
(21a)
2¢ hs h2 agst
HexXpl—+—
wroa(o 5 ] ()
T 5(s,9) _ (Tp-T) ) b hs h?s hs 2¢ _
oax  ly=s= Wi |k exp (ks + 492 k§) erfc ((p + 2¢ ks) + Vi sexp(¢?)
(21b)
2¢ hs h? s?
exp (— + —)
weeallosgi)]
A common way to write a solution of a partial differential equation = The derivative of s with respect to ¢ gives
to avoid instability concerning the magnitude of the involved s n a5t
dimensional variables in the function evaluation is to express this 0 === k—s (28a)
in terms of dimensionless numbers with physical meaning, such s $
as Ste, Biot and Biot’Fo 2ha
> ) _ _ St
.2 s =2¢ Jast — = (28b)
= (22)
Then the invariant form that modifies the proposed parabolic
ast velocity profile is obtained from equation (28a); i.e.,
Fo="3 (23) . o
S — s _ zhas _ s _
Py N b . k2 Q (28c¢)
Biot =22
ks (24) ) ) ds
For parabolic velocity, v = -
Ste = CPS(Tf—Tw) 25)
_ 2hag
Q= ks (294d)
2 2 int2
Biot*Fo = —4h zskz = —iwtz (26)
P ks ¢ 2¢%as  2has _ds Q (29)
. . k dt
Y(Biot, ) = {1 —erfc(p) + exp (Biot + %;Z) erfc ((p + E;L—;t)} (27) ° $
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oT

ds 1 [ BT
L ax

ac pSL Sax x|y

x=S+]

(29

Concerning the liquid phase, the proposed solution is given by

T, (x,t) = A, + B, [1 —erf (ZW)] (30)

A relationship between the diffusivity of the solid and liquid phases
is necessary to assess the similarity variable,

n= [= 31)

ar,

Then, the solution becomes

T, = (x,t) =A, + B, [1 erf<2\/_>] (32)

The substitution of initial and boundary conditions into the
temperature profiles allows the constants A; and B, to be
determined:

T (x = s(t),t) =Tr = A, + B, [1 — erf(ng)]

(33)
for Ay in Xx — + oo, when t > 0,
TL(X—>+OO t) P —AL+0 AL=TP (34)
Tr =Tp + B [1 — erf(ne)] (35)
The constant By can be determined as
_ Tr—Tp
BL - 1—erf(ng) (36)

Finally, after the substitution of constants in the liquid-phase
temperature profile gives

2¢%a
PSL< (PS S_Q>

— Tr—Tp _ 37
T,(,t) = Tp + — o) [1 er f(z \/_)] (37)
However, by knowing that,
1__@
s (38a)
—o0r
ajast s (38b)
and combining Eq. (37) and Eq. (38) results in
TL(X t)— Tp 1 nx
TP-Tp =0,(xt) = 1—erf(ng) | [1 - rf(2 ast)] (39a)
TL(x,s)-Tp
TpiT a 01‘ (x S) 1- erf(n(p) [1 —erf (n(p )] (39b)

The derivative of T} (x,s) with respect to x at x = s* furnishes the
temperature gradient for the liquid phase at the moving interface,

oTL —_ X, Tt .1 —n2p2

x ly=g+ V@ [—erf(ne)] n Jast exp(—n°¢?) (40)
By inserting the similarity variable ¢ in Eq. (38),

o1y _2Zen @p-TH) —n2p?

0x ly=g+ T Vms erfc(ng) Xp( ng ) (41)

It is important to mention that sometimes the thermal gradient is
a function of both the interface position and time, as presented
in Eq. (40):

aT, 2¢n Tp-T, 52

oTL =20, Tp7TH . eyp(—n? )

0x ly=g+ TS erfc<n s ) 4agt (42)
2 fagt

By combining Eq. (20), Eq. (27), Eq. (38), and Eq. (42), the
similarity variable can be found:

(Tr —=Tx) | h (hs_l_ h252> f( N hs )+ 2¢
—{—exp|—+-——]erfc
S e) ks P\ks  492k3) T\ T 20 kg) T U s exp(e?)
(43)
2¢ hs  h?s? 20n (Tp — Tg)
- 57 €Xp —+ﬁ L e
Vs ex ( +_h5) ks 4 ¢? kg Vrs erfc(ng)
p\® 2¢ ks
-exp(—n?¢?)

Rearranging the terms in a form for representing heat conduction parameters,
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Cps (Tr — T,) | hs <hs+ h252> f( N hS)+ 1
= exp | —+-———|erfc
PTG ) |2eks P \ks 497 kZ) T\ T 20 ke) T U expe®)
1 hs N h? s?
Vi exp (9 + 5 )2 TP\ks T 402 k2
T exp (|9 + 557
Cp(Tp — Tr) arpy n hs \/UTS
+ + =
L asps~m erfc(ng) exp(n2p?) @ks\ t
and,
Cps (Tr —T,) | hs (h s h%s? ) hs 1
= exp|—+-—— erfc( + )+
LyGs,9)  |20ks \ks = 4 @2 k2 YT 20ks) T Uz exple?)
1 hs N h? s?
P hs \2| P\ks 47 2
T exp ((p +—2<p ks)
N Cor(Tp — Tr) arpy, n " hs \[a_is
L asps Vw erfc(ng) exp(n2¢?) @ ks\' t
Cps (Tr — T,) | hs (hs_l_ h252> < N hs>+ 1
= exp| —+-———]er
LG e) | 20ks \ks  492kZ) " \” T 20 ks) T U exp(p?)
1 hs N h? s?
/ hs \2| P\ks 47 12
T exp ((p +—2<p k5>
n Co(Tp — Tr) arpy n "
L asps\m erfc(ng) exp(n?¢?)
in which
_ apL
N = ers (44)

Steg | Biot (B' - Biotz) ; ( N Biot) N 1
= ——exp | Bio erfc
PTG ) 20 P 4 @2 Y720 ) T 7 exp(p?)
1 (B, - Bi0t2>
- , exp | Biot + ——-
Biot\? 4 @2
Vm exp [((p +_2<p ) ]
n
+ Ste, N Q (45)

+
Vr erfc(ng) exp(n?¢?)
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where ste, = <L72T2) is the Stefan number considering the liquid
phaseand, Q" = % is the dimensionless velocity o =<,
Solidification time

The prediction of time for a given solidified layer can be
expressed as

t =vys?+8s (46)
where y is
_ 1
V= 4agp? 47)
and 0 is given as
6= ! —2ys
p;L( S7ox |x 5—_ kL3y 6x |x 5+) (48)

Solid-liquid interface velocity

The interface velocity can be directly derived from the
moving boundary differential equation,

By making,

_5 4 Mast (49)
2/ ast ks

and, to find the invariable form of velocity correction, we write

s as

_ 2hast
s =2¢,/ast — s

(50)
Deriving s with respect to time t gives,
as _  |as _2has _ 2¢%as (51)
dt t ks kg
_ds_ 1 () 0T )
Tar psL( S ox x=S— L gy x=st +0 (52)
The growth rate v written in terms of y and ¢ provide
1
v= 2ys+ 6 (53)
Thermal gradient of the liquid
The thermal gradients of the solid and liquid phase are
dTg(x,s)
0x -
(TF=Teo) ) h hs h? 52 hs 2¢ _
Yis,p) | ks exp (ks + 492 K} ) erfc ( + 2¢ ks) + VT s exp(@?)
2¢ hs h? s?
exp (— + —)
Vs exp[<<p+2w k5>2] ks = 4@k}
(54)

and,

Ty, 1 Tp-TF

—— P F I 2,2
ax ly=g+ V@ [1-erf(ng)] Jast exp(—n“p°) (55)

respectively.
Cooling rate
The cooling rate can be expressed in terms of the thermal

radient aT(x 2 , of the liquid phase Eq. (55) and the interface
g
velocity v, Eq (52)

aT (x, t)
dx

ds

T, =G v= —=
L L .t

(56)
1 Tp-TF aTs

R =T ] Pl G MR BN A

The similarity variable is calculated from the solid-liquid inter-
face thermal bal-ance as,

— CPS (TF - Too)
LY(s, )

hs hs N
200ks P ks

h? s? ) ; ( N hs )+ 1
—— ) erfc
4 9% k§ YT 20ks) T VT exp(p?)

1 hs N h? s?
hs P ks 42 ki
VT exp ((p by )
Cor(Tp — T) arpy n
+
L asps\m erfc(ng) exp(n2¢ 2)
(57)

The set of equations from the analytical solution for
transient solidification proposed by Clyne et al. [26] necessary
to calculate the thermal variables is the following:

Solidification time

The prediction of time for a given solidified layer can be
expressed as

t=aS*+pS (58)
where a and £ are defined as
1
@ = 4ag 4)2 (59)
and
_ cps L
b = e gen® mrern (60)

respectively. In Eq. (59), ag represents the diffusivity of the
solid, and ¢ the similarity variable used in Garcia et al.’s model.
When the mold is not considered, as in this study, where M = 0,
the mean interfacial heat transfer coefficient /#; becomes equal
to the mean global heat transfer coefficient 4, i.e., 4 = h;. The
specific heat and density of the solid phase are denoted by c,
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and c,, respectively.

P

Solid-liquid interface velocity

The solid-liquid interface velocity can be directly derived
from the moving boundary differential equation, Eq. (7) or by
the derivative of Eq. (8), as deduced by Garcia et al. [24-26],

1% _2as+p (61)
v as
and, by v provides,
ds 1
V=G T e (62)

Thermal gradient of the liquid

One simple form to compute the thermal gradient is by
taking the temperature profile of the liquid and derive it with
respect to G, = 2Z&0

x  ly=gt’

__0T(xt)

G, = — 2n¢(Tp-TF)

x=st = vV erfc(ng) exp(n2¢2)(S+Sy)

(63)
Cooling rate

The cooling rate can be expressed in terms of the thermal
g p
gradient @| , and the interface velocity v,
X lx=s

aT (x,t)
ox

as _ 2n¢(Tp—TF)
x=s+ dt T Vmerfc(ng) exp(n2¢2)(S+Sg) 2aS+B

T, =G, v=

(64)

The similarity variable is calculated from solid-liquid interface
thermal balance as,

exp(-92) m(Ty-Tr)exp(-n?¢?) L
— — — =0
M+erf(¢) (TF-Tp)[1-erf(ne)] v ¢ cps(TF—To)

(65)
3. Experimental Procedure
The eutectic alloy was prepared from commercially pure

solvent Al =99.7% and solute Si =99.5%, determined through
a stoichiometric calculation based on the desired eutectic

Electric heating
elements

Metal/mold
interface

composition (Al-12.6 wt.%Si), and on the volume of the
mold. The checking of the nominal compositions of Al and Si
elements was carried out utilizing a thermal characterization
which consisted of the insertion in the liquid metal of type
K thermocouples connected to a temperature recorder. The
resulting experimental curve furnishes the eutectic temperature
(Tgy =577°C). A comprehensive description of the experimental
procedure can be found in [40,41,43].

Figure 2 shows a scheme of the upward unsteady directional
solidification device used in the experiment to obtain the thermal
data and as-cast ingot. The thermocouples were positioned at 5,
10, 15, 20, 30, 50, 70 and 90 mm from the heat-extracting surface
and calibrated at the melting point of aluminium. Solidification
occurred primarily through a water-cooled bottom, driving
upward directional growth, as shown in Figure 3. A stainless
steel mold, with 60 mm internal diameter, 160 mm height, 5
mm wall thickness, was employed. An insulating alumina layer
covered the inner vertical surface to minimize radial heat loss,
while an insulated top cover reduced heat transfer from the
metal to air, minimizing both radiation and convection. The
bottom of mold was sealed with a thin (3 mm) carbon steel sheet
featuring a roughness of approximately 35 pm. The investigated
alloy was melted in situ and lateral electric heaters’ power were
precisely controlled to achieve the target superheat at the 5 mm
thermocouple. Solidification commenced upon disconnecting
the electric heaters and simultaneously initiating water flow of
7 1/s at 298.15K.

Liguid Metal

I [mem)
I [

arfs b+

Tal¥)

Figure 2. Schematic representation of upward-directional solidi-fication
mold and thermocouple positions.

4 Results and Discussion

Data logging software

Figure 3. Schematic representation of upward-directional solidi-fication apparatus.
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The thermal variables are calculated for Al, Cu, Fe, Pb,
Sn, and Ni with the aim of ana-lyzing the results obtained by
a classical [26] and a recently published analytical model for
solidification [37]. The comparison was made by evaluating
isothermal position, velocity, thermal gradient, and cooling rate
for a set of Biot numbers, considering 4% melt superheat.

The analytical model is initially compared against the
numerical model for transient multicomponentalloy solidification
[36,42,43] and experimental data from [40]. The numerical
model was used to find solutions for all available thermocouple
positions. Figure 4 presents the numerical simulation of Al-12.6
wt%Si, illustrating key kinetic variables including temperature
profiles, solid-liquid interface position versus time, velocity,
thermal gradient, and cooling rate. During external calculation
of the global mean heat transfer coefficient, /, using integral
methods, we have integrated /() to obtain its mean integral

800

value: j = ti fot” Vh(t)drt, where ¢, — + oo is significantly greater
than the proCess time t=400 s, i.e., £, = 60000000 s is enough
to converge the thermal gradient and cooling rate. In the case of
Clyne and Garcia’s solution, t, =400 s.

Figure 5 shows the solidification related thermal variables
solid-liquid interface velocity, cooling rate, and thermal gradient
plotted versus the distance from the chill for the analytical
solution, the experimental data reported in [40], and the numerical
simulation. The excellent agreement between the experimental
results and the analyt-ical solution provides strong validation of
the analytical model. Notably, the numerical simulation shows
improved agreement with the experiments, especially concerning
the solid-liquid interface velocity. Although the overall model is
validated, additional ex-perimental data would be valuable for
further refining our understanding of this in-terfacial behaviour.
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Figure 4. Numerical predictions against experimental data for

thermal variables: (A) cooling curves, (B) position versus time, thermal gradient.
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Analytical Solution of Transient Solidification of Al-12.6wt3eSi Alloy
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Figure 5. Analytical and numerical predictions compared to
experimental data for thermal variables as a function of position
from the chill: (A) solid/liquid interface velocity, (B) cooling
rate, and (C) thermal gradient.

Figure 6 shows the solid-liquid interface velocity (growth rate)
as a function of position. Both models produce very similar
predictions over the whole range of Biot numbers considered,
accurately capturing the interface velocity for all of the investi-

gated materials. However, the new model predicts steeper
interface velocities than the classical solution in regions of
high Biot number and fast flow, where the classical solu-tion
yields smoother curves. Equation (52) employs a liquid thermal
gradient that is similar to the one used in Equation (62), but it
also incorporates a second term rep-resenting the solid thermal
gradient. This additional term, which uses a new similarity
variable, generates a steeper thermal gradient.
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Figure 6. Analytical predictions for the solid-liquid interface
velocity versus time for pure: (A) Al (B) Cu, (C) Pb, (D) Sn,
(E) Fe, and (F) Ni.

The thermal gradient of the liquid phase is plotted against
the solid-liquid interface position, as shown in Figure 7. For
all cases analyzed, the predicted thermal gradient by the new
approach is steeper than that furnished by the classical model,
whose differences can be achieved up to 8 times. As thermal
gradients are inherently steeper in nature, this can also be
observed in experimental transient solidification studies (e.g.,
[40]). Consequently, it appears that the classical model may
not be as accurate for calculating the thermal gradient. The
differences in solutions arise from the combined effect of the
new similarity variable, which accounts for parabolic and linear
profiles calculated at the moving boundary interface via energy
balance. While this approach provides valuable insights, a
general solution for this type of problem might be based on a

full quadratic profile.

Figure 7 shows the liquid phase thermal gradient plotted
as a function of the solid—liquid interface position. For every
case examined, the gradient predicted with the new approach
is noticeably steeper than that given by the classical model
up to eight fold larger in some instances. Because thermal
gradients are intrinsically steep, this behaviour is also observed
in experimental transient solidification studies (e.g., [40]).
Consequently, the classical model may be insufficiently accurate
for calculating the thermal gradient.

The disparity between the two solutions stems from the new
similarity variable, which incorporates both parabolic and linear
temperature profiles at the moving interface as imposed by the
energy balance condition. Although this approach yields valuable
insight, a more general solution for this class of problems could
be obtained by adopting a full quadratic temperature profile.
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Figure 7. Analytical predictions of the thermal gradient of the
liquid phase versus time for pure: (A) Al (B) Cu, (C) Pb, (D)
Sn, (E) Fe, and (F) Ni.

Figure 8 presents the cooling rate as a function of the
solid—liquid interface position for several Biot numbers. All
cases display a comparable trend, indicating that the classical
model underestimates the steepness of the cooling rate when
compared with the experimental measurements reported in [40].

Equation (64) for transient solidification, 7, = % v,, Shows that
the cooling rate scales with the interface velocity; therefore
a steep cooling rate is expected for the velocities observed.
Although the solid-liquid interface velocities predicted by the
classical and the new models are essentially identical, the new
formulation through its modified treatment of the temperature
gradient produces a markedly steeper cooling rate, in line with
the experimental data.
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Analytical Solution of Transient Two-Phase Solidification of Pure Ni
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Figure 8. Analytical predictions of the cooling rate against time
for pure: (A) Al, (B) Cu, C(C) Pb, (D) Sn, (E) Fe, and (F) Ni.

The final application of this analytical model is a comparison

Simulation Data

T. =298.15[K]
Te=1725.00[K]
Te=Te+0.04T; = 1794.00[K]
s =0.1{m]

— Santos unior {2024), Biot = 0.234741
=== Clyne and Garcia (1980), Biot = 0234741
— Santos junior (2024), Biot = 0.704224
=== Clyne and Garcia [1980), Blot = 0.704224
—— Santos unior {2024), Biot = 1643188
=== Clyne and Garcia {1980), Biot = 1643188
—— Santos unior {2024), Biot = 2347424
=== Clyne and Garcia (1930), Biot = 347424
—— Santos junior (2024), Biot = 4,654835
=== Clyne and Garcia {1980}, Biot = 4 694835
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0.04 0.08 0.08 0.10

Pasition of the Solid/Liguid Interface, s [m]

Figure 8(F)

[25,26]. This analysis involves freezing water at an altitude of
5000 m to capture the surface thermal gradient. The present model

can accommodate a wide range of Biot numbers, as shown in

with a classical solidification model for pure and eutectic materials

Figures 9-11.

Page 16/25



Journal of Materials Science and Emerging Technologies

402

Analytical Selution of Transient Two-Phase Solidification of Pure Water

3.5

Velocity of the Solid/Liquid Interface, v= g?- [m.s71]

Simulation Data -

T. =255.65[K] e
Te=271.15[K]

AT =1.60([K] —
& =0.06[m]

= Clyne and Garcia (1980). Biot = 5.042017

Present work, Biot = 0.126050
Clyne and Garcia (1380), Biot = 0.126050
Present work, Biot = 0.252101
Clyne and Garcia (1380), Biot = 0.252101
Present work, Biot = 0378151
Clyne and Garcia (1980), Biot = 0.378151
Present work, Biot = 0,630252
Clyne and Garcia (1980), Biot = 0.630252
Present work, Biot = 5.042017

Altitude = 5000 [m]

0.01 0.02 0.03 0.04 0.05
Position of the Solid/Liquid Interface, s [m]
Figure 9(A)
4.0 12 Analytical Selution of Transient Two-Phase Solidification of Pure Water
' — Present work, Bict = 0126050
15 ---- Clyne and Garcia (1980), Biot = 0.126050

~
n

b
o

-
in

Velacity of the Solid/Liquid Interface, v = g?- [m.s71]

Simulation Data —

T =255.65[K] -
Te=271.15[K)

AT =2.00[K] —
& =0.06[m]

= Clyne and Garcia (1980), Biot = 5.042017

Present work, Biot = 0.252101
Clyne and Garcia (1380), Biot = 0.252101
Present work, Biot = 0378151
Clyne and Garcia (1980), Biot = 0.378151
Present work, Biot = 0,630252
Clyne and Garcia (1980), Biot = 0.630252
Present wark, Biot = 5.042017

Altitude = 5000 [m]

Figure 9(B)

. 004
Position of the Solid/Liquid Interface, s [m]

Figure 9 Comparison of analytical solutions for one-dimensional water freezing under solid-liquid interface velocities, considering

(A) 1.6 K and (B) 2.0 K superheat.
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Figure 10 Comparison of analytical solutions for one-dimensional water freezing under thermal gradients, considering (A) 1.6 K
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Figure 11 Comparison of analytical solutions for one-dimensional
water freezing under cooling rate, considering (A) 1.6 K and (B) or
2.0 K superheat. t>0, x=0, —kol,_, =T —Tw) (69)
5. An Important Solution for Melt Convection
t>0, x=5), T=Tg (70)
An important solution, normally applied for horizontal transient
solidification is those with melt convection. In this case, the
governing equations are the following: t>0, x> 400, T=Tp (71)
92T aT
S = aiE 0 <x<s(t) (66) 4 .
S —
’ psbr=ks3| _—h(Mx=s"0-Tp) (72
dat 0xly=g—
92T, _ 19T
axZL T w0t S(t) <x <t (67)
! The temperature profile can now be expressed in terms of constant
Ag and Bg,
t=0, 0<x <+, T=Tp (68)
Ts(x,t) — Tp
Too - TF
x hx , h?agt x h\/ast hs , h%s? hs (73)
erfc —ex (— + S >erfc —erfc +ex ( + )erfc( + )
{ <2a5> P Zs + 12 WNat T Fs (@) +exp 7+ gg2k7) o1\ P + 2 ks
h hs h%s?

{1 — erfc(p) + exp (k_ +
s

hs
4<pzk3) erfc (‘p * 29 ks)}

In similar way, we can write,

A hxlhzast x .h\/_
Ts(O-Tr _ {erfc(ZJTst> exP<’<s' K% )erfC(Z@' ks >+Z(S t)} (74a)  which has the following form:
Teo=TF W(s,t)
h hZ 2
Ps(t.5)-Tp {erfc(wf)—exp(k—;‘+w+kz)erfc((ps wk) s (p)}
= » (74b)
Teo=TF P(s.0)
OTs(s,t) _ (Tr-Tx) ) B (E n2 ast) h Jast 2 B
ox ly=s= Wt ks p ks + exple + ks + VT s exp(p?)
2¢ (E hzagt)
exp (5 + 2

\/—sexp[< J‘;T )2]

The thermal gradient 7 (x, ¢) in the vicinity of boundary x =
s~ 1s found by deriving the temperature profile with respect to x,

(75a)
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aTs(s.p) _ Tr-To) ) hs | n?s? > ( hs ) 2¢ _
0x o WG |ks P <ks T rord) KPP+ 2005) t Esewn
2¢ hs h? 52
o (224 225
Vsenl(oris) | Vs T et (75b)
dTs(s,p) _ (TF—TQO)Z_(p BiOtEnv ( Env) ( Biotgny 1 _
o e WG s 20 exp BlotEm,+ explo + 20 ) 77 oD

1 . BiotZ,,
- exp ( Biotgy, + 75¢
VT exp (¢+—B“72t£nv)2] ( Env 42 ) (75¢)
The liquid phase profile and its gradient can be deduced as follows,

TL(xt)-Tp _ 1 s+x ) hi (s+x) | h2art S+x hiVar t
TrTp B0 {erfc Gve) e"p( A )erfc Gt ™ )} (76a)
Tp(xt)-Tp _ 1 S+x hi (s+x) | h2apt S+x hivarpt 76b
e {erfc (ZJa_Lt) xp( s + 2 )erfc (2W+ . )} (76b)

The thermal gradient T L (x,t) in the vicinity of boundary x=s"+ is found by deriving the temperature profile with respect to x, which
has the following form:

aT(s,t)
ox

— (Tr=Tp) ) hi hi L ivapt 2ne _
et DL kLexp( + )erfc(n(p+ - )+ﬁsexp(n2¢2)

2ng h; heapt
e (3 + ) (772)
Vs exp (nmhi F) ] ky |k
OTL(5,9) _ (Tr=Tp) J i his | 5 hfs? ( his ) 2ng
0x et~ Lo kLexp(kL +n pyrye erfc n<p+n2 . +\/_SEXp(n2 5
2ne h;is 2 hiz s? (77]2))
hs 2 exp k_L +n pp
VT s exp (n<p+n2(p kL) ]

aTL(s,p) _ (Tp=Tp) 2¢ Biot; ( ) ( Blot) n _
Tox gt = 0o s | 2o —Lexp (Biot; + n? o erfc(np +n +7«/ﬁ P

n

(np4nZ2) ]

Substltutlng the thermal gradient of the solid phase kg —| and temperature profil T, (x = s7,t) derived in Eq. (72) into the
moving boundary interface,

exp (Blot + n? Bl:f )

VT exp (77¢)

d aT _
psL (d_i_ Q) = ksa s —hi(Ty(x =s7,t) = Tr)
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provides,

2¢%a
ng< ‘Ps s_Q>

k(TF—Tm) h <h5+ h252> f( N h5)+ 2¢
=kg———<—exp|—+-——]erfc
S |\ 407 kE) TN\ T 20 k) T s exple?)
2¢ hs  h?s? _
— hs 2 exp k—+m —hi(TL(x =S ,t) _TF)
VT sexp [((p +m) ] s $ (78a)

Rearrenging Eq.(47) and substituting Eq. (46),

L ( h S)
cps(Tr — Too) ¢ ks @

1 hs <hs+ h252> f( N hs>+ 1
= — exp | — + ——— | erfc
WG, @) | ks2g P \ ks | 497 K2 YT 20ks) TV exp(e?)

1 hs+ h? s?
hs 2P ks 4 @2 kZ
Vi e (0 + 257)
kL h.iS

(T,(x =57,t) = Tg)

- ks(Tp — Too) ke 2¢0 (78b)
1 ( BiotEm,)
Ste ¢ )
1 Biotgny, < Biotfm,> Biotgny
= — exp | Biotgp, + erfc ( + —)
PG o) | 20 P\TER T Ty T2
1 1 BiotZ,,
+ - - exp (BiotEm, +
2 2 4 2
\/E EXP(<P ) \/E exp [((P + Blgfph"nv) ] @
3 lBioti (Ty(x =5s7,t) — Tp)
N 2¢ (Tr — To) (78¢)
1 ( BiotEm,>
Ste ¢ @
1 Biotgpn, < _ Biotém,> Biotgp,
= —— exp | Biotgy, + erfc ( + —)
Do) | 2 P\ T Ty YT 2
1 1 Biot2,,
+ - exp | Biotgyy + ———
\/E eXp(<P2) BiOtEnv 2 ( 4 q)z
VT exp [(‘P + 2¢ ) ]
(78d)

1 Biot; (Tp — Ty) ( 2¢

_N 2(p (TF_ oo) Biotl‘ l/)L(S,(p)f(BLOt“(p)>
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Where, f (Biot;,p) is given by the following derivation: For determining the tempereture at the liquid region s°,

aT _ o+ _
_kL$x=s+ =—h(T,(x =s*,t) = Tg)

(79)
and, by expressing these equations in terms of dimensionless numbers, by writing, N = E_S Ste = P (T'z _T°°)/ 0= ((;1” :;Fi,
Biotgy, = s , Biot; = h—, and from Eq. (29f), Q* = M which provides e

his — ot ) _ S oT _ S Tp=Tp) )M his 2 h'252> his 2ng _
2 11 =500 =Trl =50k o0 st 20 G )i P < kT aprig) oriC (n(p T2 kL) t Fsewmzon)
. 2 52
20 exp ($ 4 4h,25k2> (80a)
VT s exp <n<p+n2q) kL) ] N PRL
R _ _ (Tp-Tp) his M 2 h2 2 his n _
(e =s76) —Tpl = Yils,p) |20k exp ( kL tn 4 @2 kf )erfc (mp tn 2¢ kL) + Vi exp(n?¢p?)
n h;is 2 h2 2 )
S 2] €XP ( t+n 2
V& exp|(np s | T (80D)
Biot; (Tp—TF) ) Biot; Biot; n
o [T,(x =s*t) —Tp] = o) ) 2o &P (Blot + n? T )erfc (n(p +n )+\/_—exp(n2 5
- Sior 2] €XP (Blot +n2 204 ) (80c)
Vi exp (n(p+n Zw l) } 492
7]
F(Biot,, ) Biot; Biot. + , Biot? ] ( N BlOt) n
iot;, ) = ex iot; +n erfc(ng +n
v 20 p i 492 @ V7 exp(nZe?)
n (B' - 2Biotf) (80d)
- >-exp | Biot; +n >
4
\/_exp[n(p+nBlZ)t) ¢
TL(X = S+,t) = TF
( —Tz) 2¢ |Biot; <B - Biotz) ; ( N Bioti) N n
ex io n erfc(ng +n
T 0.6, 9) Biot; | 29 OF 4 ¢? v 2¢ ) \m exp(n?e?)
n Biot + n? iot
- ex iot; +n
N ( + Biotl-)2 P ' 4 @2 (80¢)
mexp |(ng +n=7
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Biot; (Tp-TF) .
o T = s%,0) = Tr] = S £ f (Biot;, ) (81)
gives,
4 _ 2¢ (Tp-TF) .
TL(x =S 't) - TF + Bioti II)L(S,(ﬂ)f(BLOtl’ (P) (82)

Substituting the thermal gradient of the solid phase kg Z—i _and temperature profile T, (x = s7, t) derived in Eq. (80¢) into the
moving boundary interface, r=s

1 ( BiotEm,)
Ste @

1 Biot Biot? Biot
EnY oxp <BiotEn,, + E;”) erfc ((p + &)

Y6 20 4¢ 2¢
1 1 Biot2,,
+ - exp | Biotgp, + ———
V1 exp(9?) Biotgy,)® < 4 ¢?
VT exp [((p + 20 ) ]
1 (Tp — Tr) 1 Biot; 2

- (B‘ t; + ZBiOt‘) f (
- — ex Lot; nT-——jeric|n
NTr—To) | PrGs0) ) 29 CP\TOHT M g2 ¢

Biot; n

20 ) T et

+n

n

iot?
- , exp | Biot; + n?
Biot;\? < 4 @? ) (83)
VT exp [(n(p +n ’)
2¢

An evaluation of the present solution, could be determination of heat transfer coefficients., i.e., #; and /4, respectively. The
liquid interface temperature for a set of interface and environment  thermophysical data can be found in Table 1.

Table 1 = Thermophysical properties of pure Al

Property Symbol Unit Value
Thermal condutivity of the solid kg Wm! K 213.0
Thermal condutivity of the liquid k, Wm! K 91.0
Specific heat of the solid Cps Jkg! K1 1181.0
Specific heat of the liquid Cpy Jkg! K 1086.0
Density of the solid Py kg.m™ 2550.0
Density of the liquid P, kg.m™ 2368.0
Thermal diffusivity of the solid a m’.s! 7.073 x 107
Thermal diffusivity of the liquid a, m’.s! 3.539x 107
Latent heat L Jkg! 397500.0
Parameter n - 1.41377
Parameter N N - 2.34066
Fusion temperature T, K 933.15
Pouring temperature T, K 970.48
Enviroment Temperature T, K 298.15
Environment heat transfer h Wom?K'! 400
Interface heat transfer coefficient 1 h,, Wom= K 1800
Interface heat transfer coefficient 2 h, Wom= K 1600
Interface heat transfer coefficient 3 h,, Wm? K 1400
Interface heat transfer coefficient 4 h,, W K 800
Interface heat transfer coefficient 5 h, s Wm? K 500
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The results for liquid domain solid-liquid interface temperature
calculations are provides in Table 2. As can be observed the
interface temperature 77 (x =s~ ) increases as interface heat transfer
coefficients 4,; decreases.

Table 2 — Calculation of liquid-domain temperature at the solid-
liquid interface.

Interface heat transfer coefficient, | Temperature atx =s-, 7, (x =5,7)
hi

hi 949.18 K

his 950.74 K

hs 952.57K

his 960.31 K

his 963.69 K

6. Conclusions

e The results obtained with both the classical and the new
transi-ent solidification analytical solutions for the set of pure
metals studied lead to the following conclusions:

*  Both models predict virtually identical interface velocities
for all of the investigated materials.

*  The agreement seen for the velocity does not extend to the
thermal gra-dient and the cooling rate values. The new model
treats the Biot number rigorously, based on fundamental
mathematical and physical principles that explicitly account
for the convective nature of the problem; conse-quently it
yields steeper and more accurate gradients and cooling rates.

*  Classical literature solutions for the similarity variable usually
assume a pure quadratic temperature profile and rely on a
single function the er-ror function erf(x) for the solid phase.
In contrast, the present solution contains both a quadratic
and a linear component in the similarity varia-ble. The solid
phase solution therefore employs the complementary error
function erfc(x) and the exponential of the complementary
error func-tion, exp(x) erfc(x), which enables it to capture
the steep gradients and high cooling rates observed
experimentally.

*  The core formulation of the new model incorporates convective
boundary conditions by using first and second order Biot
numbers within the so-lidified layer. Adding convection to the
classical solidification solution for a prescribed temperature,
on the other hand, is essentially a mathe-matical artifice a
useful approximation that does not fully satisfy the convective
boundary condition.

*  Overall, the new analytical framework provides a more
physically con-sistent description of transient solidification
under convective heat transfer than the classical approach.
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